In three previous papers under the present title' the author considered various methods of attack in attempts to prove that xn + yn = zn (1) is impossible where x, y, and z are nonzero rational integers if n is a given integer > 2. In the present paper we shall discuss statements involving methods of attack on (1) Gelfond then gives the usual proof of the impossibility of (1) when we take n = 4. Now when a mathematician of the caliber of Gelfond makes assertions involving a mathematical subject, they definitely should be considered if the reader is also interested -in the subject. It may be that some young mathematician who has great ability in connection with number theory but little acquaintance with the history of the Fermat problem will be steered away from it in view of such assertions. Hence, the present paper will be devoted to the examination of several of the statements Gelfond made in the quotation above so that the young mathematician will be in a better position to choose for himself. First, we shall examine the sentence included in the quotation which reads as follows: "One must note that present-day attempts by mathematics lovers to prove the Fermat theorem by completely elementary means are doomed to failure."
In three previous papers under the present title' the author considered various methods of attack in attempts to prove that xn + yn = zn (1) is impossible where x, y, and z are nonzero rational integers if n is a given integer > 2. In the present paper we shall discuss statements involving methods of attack on (1) as considered by A. L. Gelfond, who states in his book entitled Solutions of Equations in Integers2 (translated from the Russian by Leo F. Boron), page 61:
At the present time, Fermat's last theorem is proved for many n-in particular, for any n which is divisible by a prime less than 100. Fermat's last theorem played a large role in the development of mathematics in view of the fact that the attempts to prove it resulted in the formu-PROC. N. A. S. lation of ideal theory. But, in this connection, one must note that this same theory was constructed, by a completely other means and for other reasons, by the renowned Russian mathematician Ye. I. Zolotaryov, who died in 1880 at the height of his scientific activities. At the present time, the proof of Fermat's last theorem, especially a proof constructed on the considerations of the divisibility theory of numbers, can have only sporting interest. Of course, if this proof will be obtained by a new and fruitful method, then its significance, connected with the significance of the method itself, could be very great. One must note that present-day attempts by mathematics lovers to prove the Fermat theorem by completely elementary means are doomed to failure. Elementary considerations based on the theory of divisibility of integers were already used by Kummer and the subsequent development of them by the most prominent mathematicians has not yet yielded anything important.
We shall now give the proof of Fermat's theorem for the case n = 4 inasmuch as the method of infinite descent, on which this proof is based, is very interesting.
Gelfond then gives the usual proof of the impossibility of (1) when we take n = 4. Now when a mathematician of the caliber of Gelfond makes assertions involving a mathematical subject, they definitely should be considered if the reader is also interested -in the subject. It may be that some young mathematician who has great ability in connection with number theory but little acquaintance with the history of the Fermat problem will be steered away from it in view of such assertions. Hence, the present paper will be devoted to the examination of several of the statements Gelfond made in the quotation above so that the young mathematician will be in a better position to choose for himself. First, we shall examine the sentence included in the quotation which reads as follows: "One must note that present-day attempts by mathematics lovers to prove the Fermat theorem by completely elementary means are doomed to failure."
In my opinion, the statement is correct, but I have no idea how to prove it.
Second, let us consider another statement quoted above: "At the present time, the proof of Fermat's last theorem, especially a proof constructed on the considerations of the divisibility theory of numbers, can have only sporting interest." In answer to this, I want to point out that any proof of the theorem, which did not involve directly consideration of the divisibility theory of numbers, I would regard as sensational, for every proof which has ever been obtained for the impossibility of (1) for any particular value greater than 7 involves said divisibility theory. Even in the case n = 4, the infinite descent employed in the usual proof, as given by Gelfond (loc. cit., pp. 61-65), involves the parity of certain integers which depend on x, y, and z. To illustrate this, the word "parity," on page 63 alone, occurs six times.
As is known, it is sufficient in attempts to prove the Fermat theorem, that xi + yA + z' = 0, (
with 1 an odd prime, is impossible in nonzero integers. Now it would very possibly simplify the problem of finding a proof of the impossibility of (la) if such a proof existed and was independent of any ideas of divisibility. Elsewhere3 I have indicated how, difficult so many problems are in number theory which involve such ideas in their statements, and I have mentioned a number of examples. (Two of the best known are the twin prime problem and the Goldbach conjecture.) Now the assertion concerning (la) involves the same idea since it is assumed that 1 is an odd prime. So it could happen, then, that no proof of the impossibility of (1) can exist without the use of deep arguments involving divisibility.
We shall now go into detail as to how many different ways the notion of divisibility, if you include divisibility of ideals, occurs in the arguments employed by Kummer and several of his successors,4 to prove (1) impossible for particular exponents 1. In the first place, we shall consider (la) for the case where x, y, z 9 0 (mod 1), usually called the first case of the Fermat statement. In this case, all published proofs, for special exponents > 7, involve considerably the manipulation of congruences, modulo 1, or some power of (X) where X = (1 -), where v is a primitive lth root of unity.
As to the statement of Gelfond that, in effect, "the proof of Fermat's last theorem ... can have only sporting interest," I do not know what "sporting interest" means here.
I agree with Gelfond when he makes the following statement: "We shall now give the proof of Fermat's theorem for the case n = 4 inasmuch as the method of infinite descent, on which this proof is based, is very interesting." In the case where one of the integers in (1), say z, is divisible by 1, which is known as the second case of the theorem, all the known proofs of the impossibility of (la) for special exponents > 7 depend on the use of a method of descent. In view of this situation we shall now indicate the character of some of the known different methods of descent with which I happen to be familiar. With one exception, all of such methods discovered have been involved in connection with proofs of the second case of the Fermat theorem for certain types of exponents. It will also be noted that all these methods involve the use of congruences and divisibility ideas. All the steps necessary to prove the stated relations will not be shown but may be found in references cited. Incidentally, our account will contain to some extent the history of the work done since 1946, toward proving (la) is impossible for special exponents, when the writer published an expository paper on the history of Fermat's last theorem-. ' The first example we shall give of the infinite descent method6 comes up in connection with Kummer's proof of THEOREM 1.7 Relation (la) is impossible in nonzero integers when 1 is a given regular prime.
A regular prime is defined as follows: If B1, B2, . . . are the Bernoulli numbers, B, = 1/6, B2 = 1/30, etc., and if B,, B2, . . ., Bd, 1 > 3, d = (l-3)/2, expressed in their lowest terms have numerators prime to 1, then the prime 1 is said to be regular, otherwise irregular. The prime 3 is also said to be regular. where -r and rT are units in K(r). Because K(v) is regular, and using (3a), it may be shown that r = t where t is a unit in K(D,. Setting tO = A3 in the last relation, we obtain ail + 1 = iX'(M-1Y11.
(4)
Proceeding with this equation as we did when our first equation involved a and ', after mi-1 of these steps we find, if a.m-,, im-i, Ymi, and rm1-are defined similarly to ac,,, 8 The reader will observe that the first and third assumptions of Kummer involve the divisibility of certain rational integers, and the second assumption involves congruences containing ideals in the algebraic field. Such congruences, of course, are generalizations of congruences involving rational integers, and each of the latter can always be stated, as all of these may be replaced by the statement that a certain rational integer is divisible by a certain other rational integer.
Kummer employed the method of infinite descent in the proof of Theorem 2 for the Second Case of the Fermat problem. The difference between the descent employed6 in the proof of Theorem 2 is that it is infinite and not finite as in the proof of Theorem 1 and consists in isolating a principal ideal, not a unit, which the argument shows has an unlimited number of prime ideal factors, which is obviously impossible.
In 1929 the writer proved the following result:9 THEOREM 3. Under the following assumption: None of the units Ea, a = a,, a2, ... , a., is congruent to the ith power of an integer in the field k(r), modulo p, where ,i is a prime ideal divisor of (p), p is a prime < (12-1) of the form 1 (mod 1), and a,, a2, ... , as are the indices in the Bernoulli numbers in the set B1, B2, . .. , B(l_3)/2) which are divisible by 1; the relation (la) is impossible in nonzero rational integers.
It will be seen from the statement of this theorem that the three assumptions given by Kummer in Theorem 2 have been reduced to essentially one.
We shall not give any details of the proof of this theorem except to note that the type of infinite descent used yielded a set of trinomial relations, and in one term of each of these there was the rational prime factor referred to in the statement of Theorem 3, so the idea of divisibility plays a very prominent part throughout the demonstration.
In 1932 the writer'0 proved a certain extension of Theorem 1, as follows: THEOREM 4. The relation al + ,#I + and1 = 0 (6) is impossible for integers, a, (3, and Py in the field k(D + P') prime to each other and none zero; v being a given unit in this field and 1 a given regular prime. The relation (6) was treated in such a way that infinite descent was employed where a, (3, and y were each prime to (1-), as well as the case where one of these algebraic integers was divisible by (1 -). Here the descent was a little more complicated than in the cases already discussed in detail. It was necessary to carry out two eliminations, each involving three algebraic numbers, in order to make clear each step in the descent.
In 1936 the writer obtained" THEOREM 5. The equation
where c is a given integer prime to the regular prime 1 > 3 and containing only prime factors belonging to even exponents, modulo 1, is impossible in nonzero integers, x, y, and z, provided cl-l 1 (mod 12), and 21-1 cl1 (mod 12). The proof of this theorem was divided into three parts, and in one of these, namely, when z = 0 (mod 1), the method of infinite descent was again used.
In 1954 D. H. Lehmer, Emma Lehmer, and the writer attacked a problem of proving the Fermat theorem for special exponents by means of a rapid computing machine. To effect this, they found it convenient to use a transformation'2 of Theorem 3 as follows:
THEOREM 3a. Let Qa be defined as above, and let Bai, Ba2, . . . X Bas be the only Bernoulli numbers, with indices less than (1-1)/2 which are divisible by 1. Then if Qkai 9 1 (mod p) (8) holds for i = 1, 2, ..., s, Fermat's Last Theorem holds for the exponent 1. The symbols used here are defined as follows: let t be any integer such that tk 0 1 (mod p)
where p is a prime of the form p = kl + 1 < 12 -1. Also, Qa is defined as Qa = t /2 II (tkb _ 1)bl-1-2a
where ,u = (1-1)7/2, and
We now note that Theorem 3a involves rational integers only and is stated entirely in terms of divisibility properties of rational integers. Theorem 3 was transformed into Theorem 3a so that computation might be carried out more expeditiously on a rapid computing machine. Employing these means, together with Theorem 1, in three papers, D. H. Lehmer, Emma Lehmer, C. A. Nicol, John Selfridge, and the writer proved'3 that (1) is impossible for all nonzero rational integers x, y, and z with n an integer, 2 < n < 4002. In 1949 E. Inkeri had extended'4 Theorem 3 so that the expression 12-l in the latter may be replaced by 3/2(12-1); however, this generalization was not found necessary in proving the theorem for the exponents in the Fermat relation when n < 4002 in (1).
Since 1929, in any case where the relation (1) was proved to be impossible, it was found sufficient to use Theorems 1 and 3, or the equivalent of the latter, 3a. On the other hand, this would not have been possible using Kummer's Theorems 1 and 2 because his first assumption in Theorem 2 does not hold for all primes less than 4002; in fact, there are 20 primes in this category. The first one is 157, and it was discovered by Kummer himself. On the other hand, Theorem 3, as far as I know, has never failed to yield a proof that (la) is impossible for any prime exponent to which the criterion was applied.
We shall now give another example of how far we can go by considering the following theorem of Furtwangler:14 THEOREM 5. If (la) is satisfied, where x, y, and z are integers prime to each other, then for 1 an odd prime r--1 l = 0 (mod 1),
where r is any factor of x if x is prime to 1 and similarly for y and z. Also, the relation (10) holds if r is a factor of x i y, provided X2 -y2 is prime to 1. Furtwangler obtained a simple proof of this by using what is called Eisenstein's Law of Reciprocity in the theory of cyclotomic fields. From this it is easy to show that if the relation (la) is satisfied, then 21'-11 31'-1 2l--1 31' 0-_ (mod 1), when x, y, and z are prime"5 to 1. There is no value of 1 < 200,000 for which these relations hold, as ascertained by Erna H. Pearson in an article which is to appear in the April 1963 issue of Mathematics of Computation. The result shows how very stringent criteria can be obtained by using the divisibility properties Qf only the five integers x, y, and z and x y y in (la),
In conclusion, the writer wishes to point out that Gelfond is not the only mathematician who has made remarks about the character of a possible proof of the impossibility of (la) and related questions which were at least questionable. In 1816 the Paris Academy proposed the problem of proving or disproving the Fermat statement, and Olbers called Gauss's attention to this. In reply, Gauss wrote Olbers as follows: "I am very much obliged for your news concerning the Paris prize. But I confess that Fermat's Theorem as an isolated proposition has very little interest for me, because I could easily lay down a multitude of such propositions, which one could neither prove nor dispose of."''6 On the other hand, if Gauss had attacked the theorem at that time, he might have developed the theory of cyclotomic fields and invented the concept of ideals instead of Kummer. In fact, he might have proved the theorem. That being the case, who knows what a proof of the Fermat problem would lead to in mathematics if it were proved at the present time? For example, it might attract so much attention with mathematicians that a number of other proofs would be given later, which would perhaps lead virtually to a new theory of some kind, including such matters. An example of this may be pointed out in mathematical history. Think of the mathematics that has been developed starting with Hermite's proof that e is transcendental! This led to a proof by Lindemann that 7r is transcendental; and this further led to other things, including Gelfond's proof (1934) that ab, where a $ 0, 1, b $ 0, and both a and b are algebraic and b irrational, is transcendental.
Concerning the latter, Hilbert"7 once stated that "he felt that the enormous effort which had been devoted to algebraic number theory, and the many striking results which had been obtained, would surely result in a proof or disproof of Fermat's last theorem." This remark was made at least thirty years ago.
In 
